In this paper, we give the notion of a CLWX 2-algebroid and show that a QP-structure of degree 3 gives rise to a CLWX 2-algebroid. This is the higher analogue of the result that a QP-structure of degree 2 gives rise to a Courant algebroid. A CLWX 2-algebroid can also be viewed as a categorified Courant algebroid. We show that one can obtain a Lie 3-algebra from a CLWX 2-algebroid. Furthermore, CLWX 2-algebroids are constructed from split Lie 2-algebroids and split Lie 2-bialgebroids.
Introduction
category of split Lie n-algebroids and the category of NQ-manifolds of degree n is given in [BP] . The language of split Lie n-algebroids has slowly become a useful tool to study problems related to NQ-manifolds [Jot] . There is a Courant algebroid structure on A ⊕ A * associated to any Lie algebroid A. Similarly, we construct a CLWX 2-algebroid structure on A ⊕ A * [1] associated to any split Lie 2-algebroid (A = A 0 ⊕ A −1 , l 1 , l 2 , l 3 , a). The notion of a Lie bialgebroid was introduced in [MX] 
{f, gh} = {f, g}h + (−1) (|f |−n)|g| g{f, h},
{f, {g, h}} = {{f, g}, h} + (−1) (|f |−n)(|g|−n) {g, {f, h}},
where | f | is the degree of f and n is the degree of the symplectic structure. The degree of the Poisson bracket is −n.
Definition 2.2. Let (M, ω) be a P -manifold of degree n. A function Θ ∈ C ∞ (M) of degree n + 1 is called a Q-structure, if it is a solution of the classical master equation
{Θ, Θ} = 0.
The triple (M, ω, Θ) is called a QP -manifold.
It is well-known that QP-manifolds of degree 2 are in one-to-one correspondence with Courant algebroids [Roy02, Theorem 4.5] .
Definition 2.3. [LWX97] A Courant algebroid is a vector bundle E together with a bundle map ρ : E −→ T M , a nondegenerate symmetric bilinear form S, and an operation ⋄ : Γ(E) × Γ(E) −→ Γ(E)
such that for all e 1 , e 2 , e 3 ∈ Γ(E), the following axioms hold:
(i) (Γ(E), ⋄) is a Leibniz algebra;
(ii) S(e 1 ⋄ e 1 , e 2 ) = 1 2 ρ(e 2 )S(e 1 , e 1 ); (iii) ρ(e 1 )S(e 2 , e 3 ) = S(e 1 ⋄ e 2 , e 3 ) + S(e 2 , e 1 ⋄ e 3 ).
Given a QP-manifold of degree 2, the Courant algebroid structure is obtained by the derived bracket using the Q-structure Θ [Roy02] . See [Get, Vor05] The graded Poisson bracket satisfies
A Lie algebroid structure on A is equivalent to a degree 3 function µ = ρ On A ⊕ A * , there is a natural Courant algebroid structure, in which the Q-structure Θ is exactly µ + γ.
Lie n-algebras, Leibniz 2-algebras and Lie 2-algebroids
A Lie 2-algebra is a 2-vector space C equipped with a skew-symmetric bilinear functor, such that the Jacobi identity is controlled by a natural isomorphism, which satisfies the coherence law of its own. It is well-known that a Lie 2-algebra is equivalent to a 2-term L ∞ -algebra [BC] . L ∞ -algebras, also called strongly homotopy Lie algebras, were introduced in [Sta] . See [LM95, LS] for more details.
Definition 2.4. An L ∞ -algebra is a graded vector space g = ⊕ i∈Z g −i equipped with a system {l k | 1 ≤ k < ∞} of linear maps l k : ∧ k g −→ g with degree deg(l k ) = 2 − k, where the exterior powers are interpreted in the graded sense and the following relation with Koszul sign "Ksgn" is satisfied for all n ≥ 0:
Here the summation is taken over all (i, n − i)-unshuffles with i ≥ 1.
People usually refer to an L ∞ -algebra with g −i = 0 for all i ≥ n as an n-term L ∞ -algebra and we will call an n-term L ∞ -algebra a Lie n-algebra.
As a model for "Leibniz algebras that satisfy Jacobi identity up to all higher homotopies", the notion of a strongly homotopy Leibniz algebra, or a Lod ∞ -algebra was given in [Liv] by Livernet, which was further studied by Ammar, Poncin and Uchino in [AP, Uch] . In [SL] , the authors introduced the notion of a Leibniz 2-algebra, which is the categorification of a Leibniz algebra, and prove that the category of Leibniz 2-algebras and the category of 2-term Lod ∞ -algebras are equivalent. Definition 2.5. A Leibniz 2-algebra V consists of the following data:
• a complex of vector spaces V :
such that for all w, x, y, z ∈ V 0 and m, n ∈ V −1 , the following equalities are satisfied:
(f) the Jacobiator identity:
We usually denote a Leibniz 2-algebra by ( 
(ii) l 2 satisfies the Leibniz rule with respect to the anchor a:
Denote a Lie 2-algebroid by (A, l 1 , l 2 , l 3 , a).
Remark 2.7. In our definition of a Lie n-algebroid, the section space is an L ∞ -algebra. In [Bru] , the author introduced a notion of an L ∞ -algebroid, where the section space is a superized
Lemma 2.8. Let (A, l 1 , l 2 , l 3 , a) be a Lie 2-algebroid. Then we have
Proof. On one hand, for all X 0 ∈ Γ(A 0 ), X 1 ∈ Γ(A −1 ) and f ∈ C ∞ (M ), we have
On the other hand, since (Γ(A), l 1 , l 2 , l 3 ) is a Lie 2-algebra, we have
Therefore, we have a(l 1 (X 1 ))(f )X 0 = 0, which implies that (7) holds.
we can deduce that (8) holds.
3 CLWX 2-algebroids and Lie 3-algebras
CLWX 2-algebroids
In this subsection, we introduce the notion of a CLWX 2-algebroid (named after Courant-LiuWeinstein-Xu) and analyze its properties.
Definition 3.1. A CLWX 2-algebroid is a graded vector bundle E = E −1 ⊕ E 0 over M equipped with a non-degenerate graded symmetric bilinear form 
(ii) for all e ∈ Γ(E), e ⋄ e = 1 2 DS(e, e), where D : Denote a CLWX 2-algebroid by (E −1 , E 0 , ∂, ρ, S, ⋄, Ω), or simply by E. Since the section space of a CLWX 2-algebroid is a Leibniz 2-algebra, the section space of a Courant algebroid is a Leibniz algebra and Leibniz 2-algebras are the categorification of Leibniz algebras, we can view CLWX 2-algebroids as the categorification of Courant algebroids. [BSZ] and [Kra] for more information about general notion of an L ∞ -algebra with a degree k nondegenerate graded symmetric invariant bilinear form. Remark 3.3. Note that via the nondegenerate bilinear form S, we obtain that E −1 ∼ = E * 0 . Comparing to the Lie algebroid up to homotopy introduced in [IU] , the main difference is that our bilinear operation ⋄ is defined from
. Consequently, we have a Leibniz 2-algebra underlying a CLWX 2-algebroid, which is the higher analogue of the fact that there is a Leibniz algebra underlying a Courant algebroid. It turns out that the operation ⋄ : Example 3.5. Let H ∈ Ω 4 (M ) be a closed 4-form, which can be viewed as a bundle map from
is a CLWX 2-algebroid, where S and ⋄ are the same as the ones given in the above remark.
(f e 1 ) ⋄ e 2 = f (e 1 ⋄ e 2 ) − ρ(e 2 )(f )e 1 + S(e 1 , e 2 )Df,
Proof. By axiom (iv) in Definition 3.1 and the nondegeneracy of S, we have 
Proof. By (c) in Definition 2.5 and (11), for all e Finally, for all h 0 ∈ Γ(E 0 ), by axiom (iv) in Definition 3.1 and (13), we have
Hence,
Since S is nondegenerate, we deduce that (16) holds. By axiom (ii) in Definition 3.1, (17) follows immediately.
Transformation CLWX 2-algebroids
One can obtain a transformation Courant algebroid from a coisotropic action of a quadratic Lie algebra on a manifold, see [LM] for more details. The notion of an L ∞ -algebra action on a graded manifold was given by Mehta and Zambon in [MZ] . One can obtain a transformation L ∞ -algebroid from an L ∞ -algebra action. Here we give explicit formulas of a Lie 2-algebra action on a usual manifold and the corresponding transformation Lie 2-algebroid, by which we construct a CLWX 2-algebroid, called the transformation CLWX 2-algebroid.
Definition 3.8. An action of a Lie
Let ρ : g −→ X(M ) be an action of a Lie 2-algebra g on a manifold M . Then ρ induces a bundle map from M × g 0 to T M , which we use the same notation ρ. On the graded bundle
is a Lie 2-algebroid, called the transformation Lie 2-algebroid. See [MZ] for the general case of transformation L ∞ -algebroids. Now let g = (g −1 , g 0 , l 1 , l 2 , l 3 ) be a quadratic Lie 2-algebra, i.e. there is a degree 1 nondegenerate graded symmetric invariant bilinear form S on g. In this case g −1 is isomorphic to g * 0 . More precisely, the invariant condition reads
With the same notations as above, on the graded bundle (
be a quadratic Lie 2-algebra with a degree 1 nondegenerate graded symmetric invariant bilinear form S on g and ρ :
where
We call this CLWX 2-algebroid the transformation CLWX 2-algebroid.
which implies that axiom (ii) in Definition 3.1 holds.
since S is an invariant bilinear form on g, we have
which implies that axiom (iv) in Definition 3.1 holds. Also by the fact that S is an invariant bilinear form on g, axioms (iii) and (v) in Definition 3.1 hold naturally.
Finally, we show that (
which implies that Condition (a) in Definition 2.5 holds. Similarly, we can deduce that Condition (b) holds. Since S is an invariant bilinear form on g, we have
which implies that Condition (c) in Definition 2.5 holds.
Since for all
, by axiom (iv) in Definition 3.1 that we have proved above, we have
The last equality is due to the following Lemma 3.10. Thus, Condition (e 1 ) in Definition 2.5 holds. Similarly we can show that Conditions (e 2 ), (e 3 ) and (f) in Definition 2.5 hold. Thus,
Proof. If X, Y ∈ g are constant sections, it is obvious that the above equality holds. Generally,
, then it is straightforward to deduce the above equality.
Lie 3-algebras
In this subsection we prove that we can obtain a Lie 3-algebra from a CLWX 2-algebroid via skewsymmetrization.
We introduce a skew-symmetric bracket on Γ(E),
which is the skew-symmetrization of ⋄. By axiom (ii) in Definition 3.1, (24) can be written by
Lemma 3.11.
Proof. By (a) in Definition 2.5 and (15), we have
which implies that (26) holds. By (c) in Definition 2.5 and axiom (iii) in Definition 3.1, (27) follows immediately.
By (16) and (17), (28) is obvious.
For simplicity, for all e i ∈ Γ(E), i = 1, 2, 3, we let
J(e 1 , e 2 , e 3 ) = e 1 , e 2 , e 3 + e 2 , e 3 , e 1 + e 3 , e 1 , e 2 .
By (13) and (17), we can deduce that K is totally skew-symmetric.
Lemma 3.12. 
where the totally skew-symmetric T : The second equality can be proved by the same method in the proof of Lemma 2.5.2 in [Roy] . We omit the details.
Let (E −1 , E 0 , ∂, ρ, S, ⋄, Ω) be a CLWX 2-algebroid. Consider the graded vector space e = e −2 ⊕ e −1 ⊕ e 0 , where e 0 = Γ(E 0 ), e −1 = Γ(E −1 ) and e −2 = C ∞ (M ).
Theorem 3.14. A CLWX 2-algebroid (E −1 , E 0 , ∂, ρ, S, ⋄, Ω) gives rise to a Lie 3-algebra (e, l 1 , l 2 , l 3 , l 4 ), where l i are given by the following formulas: where Ω : Proof. We need to show that (6) holds for n = 1, 2, 3, 4, 5. For n = 1, we need to show that l 2 1 = 0, which follows from ∂ • D = 0.
For n = 2, we need to verify the following equality:
For x 1 = e 0 ∈ e 0 , x 2 = f ∈ e −2 , by (28), we have
which implies that (35) holds for x 1 ∈ e 0 and x 2 ∈ e −2 . The other cases can be proved similarly and we omit the details. For n = 3, we need to prove that for all x i ∈ e, the following equality holds:
By (31), we can deduce that (36) holds for x 1 , x 2 , x 3 ∈ e 0 . By (32), we can deduce that (36) holds for two elements in e 0 and one element in e −1 . By (33), we can deduce that (36) holds for one element in e 0 and two elements in e −1 . The other cases can be proved similarly and we omit the details.
For n = 4, we need to verify the following equality: Therefore, by Lemma 3.13, we prove the equality above. Finally, we can show that (6) holds for n = 5. We omit the details. The proof is finished.
Remark 3.15. In [Roy07A] , Roytenberg showed that one can obtain a semistrict Lie 2-algebra from a weak Lie 2-algebra via the skew-symmetrization. For a CLWX 2-algebroid ( 
The CLWX 2-algebroid associated to a split Lie 2-algebroid
In this section, we first describe a split Lie 2-algebroid structure on a graded vector bundle A −1 ⊕A 0 using the graded Poisson bracket on
. Then we construct a CLWX 2-algebroid A⊕ A * [1] from a split Lie 2-algebroid A with explicit formulas using the usual language of differential calculus. In Section 6, we will generalize this result to the case of split Lie 2-bialgebroids using the tool of derived brackets and graded geometry.
Let A = A −1 ⊕ A 0 be a graded bundle. The shifted cotangent bundle 1, 1, 3, 2, 2) . The degree of the symplectic structure ω = dx i dp i + dξ j dξ j + dθ k dθ k is 3 and the degree of the corresponding graded Poisson structure is −3. Now we consider the following function 2 µ of degree 4 on M:
The function µ can be uniquely decomposed into
where µ 2 , µ 134 and µ 5 are given by
Define a bundle map l 1 :
Define a bundle map l 3 :
where 
Proof. One can easily prove that {µ, µ} = 0 is equivalent to the following three identities:
It is straightforward to deduce that Conditions (ii) and (iii) in Definition 2.6 holds.
In the following, we prove that (Γ(A), l 1 , l 2 , l 3 ) is a Lie 2-algebra. It is easy to see that l 2 and l 3 are totally skew-symmetric. For all X 0 ∈ Γ(A 0 ), X 1 ∈ Γ(A −1 ), we have
we deduce that (6) holds for n = 4. Therefore, (Γ(A), l 1 , l 2 , l 3 ) is a Lie 2-algebra. The proof of the converse part is similar as the above deduction. We omit the details. The proof is finished.
Let (A, l 1 , l 2 , l 3 , a) be a split Lie 2-algebroid with the structure function µ. Then we have a generalized Chevalley-Eilenberg complex (Γ(Sym (A[1]) * ), δ), where δ is defined by
In particular, for all
The following lemmas list some properties of the above operators.
Lemma 4.2. For all
Proof. It is straightforward.
which implies that the first equality holds. The others can be proved similarly.
On Γ(E), there is a natural symmetric bilinear form (·, ·) + given by
An E −1 -valued 3-form Ω is defined by
Theorem 4.4. Let (A, l 1 , l 2 , l 3 , a) be a split Lie 2-algebroid.
where ∂ is given by (50), ρ is given by (51), S is given by (52), ⋄ is given by (53) and Ω is given by (54).
Proof. It is easy to verify that e ⋄ e = 1 2 D(e, e) + for all e ∈ Γ(E). In the following, we verify that (
Since (Γ(A), l 1 , l 2 , l 3 ) is a Lie 2-algebra, we have
Then by the fact that a • l 1 = 0, we get
Therefore we have
which implies that Condition (a) in Definition 2.5 holds. Also by the fact a • l 1 = 0, we have
which implies that Condition (b) in Definition 2.5 holds. Similarly, for all e 1 i ∈ Γ(E −1 ), i = 1, 2, we have
Furthermore, for all X 0 i ∈ Γ(A 0 ), i = 1, 2 and α 1 ∈ Γ(A * −1 ), by Lemma 4.3, we have
Therefore, for all e 
Then the CLWX 2-algebroid given by Theorem 4.4 is over a point. By remark 3.2, we obtain a metric Lie 2-algebra structure on the graded vector space
, Ω) is given as follows:
Thus, this Lie 2-algebra is exactly the semidirect product of the Lie 2-algebra (g −1 , g 0 , l 1 , l 2 , l 3 ) with its dual g 
, in which ρ is given by (64).
Proof. By (66) and (43), we can deduce that
which finishes the proof. 
By (60), we get
Then by (69), we have
Similarly, we have
By (61) and the following two facts:
where X, Y, Z ∈ Γ(A), we have
Similarly, we can obtain
Finally, expanding {W, {Z, {Y, {X, {θ 13 , θ 4 }}}}} = 0 by the graded Jacobi identity, we have 
By (70), (72), (73), (74)- (78), we deduce that (Γ(A * ), Γ(A), ∂, ⋄, Ω) is a Leibniz 2-algebra. 
ρ(e 1 )S(e 2 , e 3 ) = S(e 1 ⋄ e 2 , e 3 ) + S(e 2 , e 1 ⋄ e 3 ), 
Proof. By the Jacobi identity of the graded Poisson bracket {·, ·}, we have ∂α, β = {∂α, β} = {{α, θ 2 }, β} = {α, {θ 2 , β}} − {θ 2 , {α, β}} = −{α, ∂β} = {∂β, α} = ∂β, α .
For X, Y ∈ Γ(A), α ∈ Γ(A * ), we have {Y, {α, {X, θ 13 }}} = {{Y, α}, {X, θ 13 }} + {α, {Y, {X, θ 13 }}}, which implies that
That is ρ(X)S(Y, α) = S(X ⋄ Y, α) + S(Y, X ⋄ α)
. Therefore, (80) holds when e 1 , e 2 ∈ Γ(A) and e 3 ∈ Γ(A * ). Similarly, we can show that (80) 
We will also write γ = γ 2 + γ 134 + γ 5 . 
where {·, ·} is the graded Poisson bracket corresponding to the symplectic structure ω = dx i dp i + 
On Γ(E), we introduce the operation ⋄ by
An E −1 -valued 3-form Ω is defined by Proof. Since µ + γ − µ 2 is a degree 4 function on T * [3]E 0 [1] satisfying {µ + γ − µ 2 , µ + γ − µ 2 } = 0, by Theorem 5.1, there is a CLWX 2-algebroid defined by µ + γ − µ 2 through derived brackets. It is straightforward to deduce that (84)-(87) are exactly the one obtained through derived brackets. The proof is finished.
